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Exercise 1

Let keZ,deN, k+d # 0. Let D be defined as

d .
CP (RN{0}) ifk<-1, k+d#0.

Prove that for any ¢ € D
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to integrate by part on the left hand side of (2) and then use the Cauchy-Schwartz in-
equality.

Remark: Notice that in particular if £k = —2 (and d # 2) this implies that as operators
1 4

< - A. 4

A generalisation of this formula is called in the literature the Hardy inequality.

Exercise 2
a Let H := L? (R?). Define (as in class) the operator Hy with!
D (Ho) = B (B%) = {w e H| [k (k) € 17 (R?) ], (5)
Hop = =0 = (k>0 () e eD(Ho).  (6)

Prove that Hy is closed.

b Let D (H) := D (Hy). Define H := Hy+ ﬁ Prove that H is well-defined and closed.

(Assume, if necessary, to know that there exists a positive constant C' such that for
any ¢ € H? (R?) it holds [¢] 1 < C[¢] o).

'Recall that we proved in the exercise session that if || ;2 := H (1+ |k|2) ’lZH ,» then H? (R?) is closed
L

with respect to ||| 2.



Hint: Use the fact that H? (]R?’) c L® (R3) to prove that is well-defined. To prove
the closure, use (2) from FEzercise 1 to show and subsequently use that Ve > 0,

Vi e D(H)
1 2
_ < Z
H ’X’¢ LS 19l 22 + € [ Hot | 2 (7)
to get that
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c Prove that H is symmetric.
d Prove that H is self-adjoint.
Hint: Use the fact that - is a self-adjoint operator and apply the Kato-Rellich

||
theorem.

Exercise 3

Let H an Hilbert space and let A, Be B(H), A* = A, B* =B

a Suppose? A > id; prove that A is invertible with A= € B(#) and that 0 < A~! <id.

b Suppose 0 < A < B; prove that for any A > 0, A+ id and B+ \id are invertible with
(A+Xid)™', (B + Aid)™! € B(H) and that we have (B 4+ Aid) ™' < (4 4+ Aid) ™"

¢ Suppose 0 < A < B; prove that vA < v/B.
Hint: Prove and use the fact that

N 1J+w : (1 A )dA — )
r=— — | 1- x = 0.
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Exercise 4
Let H be an Hilbert space. Let A be a linear self-adjoint operator on H with A > 0 and

A > 0. Denote with [-| the operator norm and with [-|,, the norm induced by the inner
product in the Hilbert space H.

a Prove that H(A + )\id)ﬂH < 1/A

b Prove that for all ¢ € H,

I3, = HA (A+ \id)™ ¢Hi + 22 H(A + Aid)™! wHi . (10)

Conclude that HA (A+ )\id)’lu <1

2Recall that A > 0 if for any ¢ € D (A), (1, Ap)> > 0 and that A > Bif A— B > 0.



